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Simple expressions for spharical electromegnetic waves In a vacuwn und
mltipolar electrasngnetic fiolds wers cbtained by elementary methods with the aid
of sphericel vecter functions.

In the the.ry of redistion, planc olsctromagnotic vaves ars generally con-
sidered. This is done aven in problems with epherical aymmetry (for example, in
the investigation of atomic radiaticns) wien 1t would bo more naturel t¢ sonsider
sphearical vares. In all prodlers with gpherical aymmetry ephericel waves, to
vhioh grouy delong photoen with a dofinite impulee Joment are more approprisis than
plane vovee. It is known, for example . that the rulss : T nslsotion oxs obtained
wvitaout any oomputations from the princdpls of cmmssmrvation of angular momen Mm;
nevertheless, thw significance of the use af plane waves ig not generally under-
stood. If ve attemptad to do away with sphorical vsvas vierever possible; thmn
we would be forosd tu deal with tho clumsy and aonsymmetrical formulas that wowld
refult. i

Thoee formilas are obvicusly very ewiovard [ 1,2 7 tut thia 1s duo not to “he
existing conditions but to the unsuccessfnl methods of examinatiom. Veolox r'iolds
muet bs broken down into spherical vector functions from which aimpls and symmetri.-
sa). expresuions ure obtained, the use of which i3 83 easy as is the use of plsue
VETOB . . .

I, S3PHERICAL VECTOR XUNCTIORS

Spherical vestor functions can be construotsd in essentially the asame woy
ad ianlege’s ephm'igp; scaiar functiors. im%t us eraminc the gurface of the sphere
of ths vector fleld . 1.0., a threo-dimamsicnel vectur, at any given point on
the surface of the sphere. We will rotate this vector field thruugh en infinitely
enall engle § . . around the axis % , which maeeen through the center ol the
sphers wnich js asermed 30 be solid. ‘At point |, vhere there had earlier beer
the vector , there i3 nov the vector 3 , which unt1l the rota-
tien eme dosated at *he toint Al Ba lhry o TU can e snris that Lhe weavar
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rid &% t18 point I in .incraamN BENML;WiD’Ml;I 1a ’z'udo un of Wo psris:
5 P, = ' -y
firet, ths voc;tcwf which wntil the trangpos. . tion was dletinguiashed rom é‘ in
magnitude by —p \ ) ) - N . .
. S e Sy W;“,‘,._ I R T \7..7/’;:

sccand, 2 the ) itian 1t 18 yotated snd is increased by
. - -
Slﬁ e ‘8 w L I’lé‘] -
" fthe souplete change in point I will be

§5=8F+ 88 = 8w {~(nir72)3 +[n 21}

Infinitely emall rotation sround the azie 7 o a single angle corresponds to
tie opariior T, , determining the equation: :

50X1-HUM

§&=1, &< (n[re))f+LnZ3, n
atid tho rotation about the axis L, ¥, 2, vi1] carrespond to tus oparators
- .

Lig=-Lry L& +Ln &1 (2)

eta., whure My 18 the transversal of the axis X.
Wo will owmstruct the opexretor |
I% 5>+ I%+1%, . (3
Tar which, vith the ald of (2), there 1e obtained after aimpie sonversion:
g I*falrvi*Z-2lcrdada-22, Y
. . :';" i ‘ Ve £ind the proper funoticn of this operator, i.e., veotor f\matimz for which®

the equation

724 =28 £)
tﬁhuphm,m A ls tho natural value. Hovmwtchnvothamtar?
mmummum-wmmrmmemmruowmmm.
mmmnvmnuumwwturn

A=—8(L+1), )

8ince it will appear further (as can be predicted from the general oonsidersiions)

that £=0), 7,2,.. The solution of equatiom (3) for eny £ we will call the spherical

vestar fimotion of the € geries.

- %o comstrust the equations olearly, we will in(xroduce apherionl coordinates
&%, @ and we will dosign both parts of squation (5; on coordinate lines.

for T2, equatim (k) end imking the conversions, we got three equatioms for

mmsmdmwmmwmmm. Dosignating A eg uhe
operator mtering into laeplace's equation of epherical functions

_ ' Azi’i»t@ '3%‘(5"*"'93%)4-:7'}7:;9 -é%:-; s
‘ . then our aquations will bte _
R ANE =—2(t+7) Er, | (7)

/7:{09 -5:Nd e g;wco};d. S” = ‘£(1+/)§J' (g)

Ap- bty B2 8% 002114, | @
o2 - . .
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Ob ioualy, wi-;‘,b thess s&Q&NrE!;DQ;:EwN I!V;A eternlag vhetheoe 5o pub bekh

treaevergels saking us the vocter equol %o zero, and foo tho radial ccuponent,
whether o tale the voual sphoricel functic: of the saviss £ ¥i o

- 2 | 50X1-HUM .

Wo then got on tie surtace of the sphere n radi-l veetor fisid, wimch oan
be orlled a sphericul veeter fubsuiom of he fivst typo

-
§ =Ly

4

{10}

ATter i3 wo oan cxemine equetions (8) and {G) sspurotely. With the aid of
the gpherical functions ve can easily ase that we will get a asolution 1f we gst

2) < oYa
;/L,AGJ é'z?—w ¢ P Trw N

7
¢ io tke vector form s ‘
732 : :
FCL v, (/1)

This vectoxr f£islé we ehall oull the opharical veotor fwaction of the second type.

It i3 » trensversal and 17 .we cxanine it as a tvo-dimensional Pield o the
gurface of the sphars; it ie not. vortical. Actuslly, the radial componant of the

roriex 13
(23] ‘
[v€ ™1 =LA AY1,=0 |
Pinzdly, we mst notice that emuations {6) and {(9) change' into each other if
;69 is changed toé‘?y ’ wjfo taé:‘,’ 3 then we cen imniertly obtain a third eolut:::
¢ { o) : .
. £-0, £ L ';r)gw ;‘2’=—§L§
or &[rv el ~ ¢G2)
Ihin £iald 18 obtained from a 71eld of the secwnd type by rototing the latter
around a givon point W2 times in a positive diveotimn. Ite divargence (on the surfscc

of the spisra, an in gpuce) 18 squal to zero. This will be the cphorical vecior
function of the .third type. :

Since all these solutions are axpressed through gemeral spherical funotions, 1t
is clear that.f should be a positive integer of zero, as ve obmorved earlier. Other
golutionn which satisfy cur conditiomz, other than (10) and (12), do not heve equatin-.:

¢+ Fora 3£von,l there can bo cmnhuckeddﬁindvpmdmt linexr funotime of eech
WIPes far this 1t ie .aifiofent to iake ir place of r‘ , for cxamplo. the fumtlec
Yhus vhee £#£{tare aro chtatned tho funotions: s

' (29 (&)
5” == Y2m , g:&m '/PV&.mJ;;,,: = C”;’Kg,,,,j ' ¢3)
ARL#0 beih tremsversad. functicns booaws zero {or Y°=£/4 97), 2nd we have emly ome

fwmetion | _} ,
;,3’#/.&;. .(,3’)

Fanoticns of each iypo ara comvortsd during rotaticy into functicns of the same
type.

Aotzslly, firet, the redlsl ielé remainy radial whem rotating. Seccnd, the
emditians under which the vortex or crigin i abaent alss do not change in rotatier.
It 15 aisc ecoy 0 see tant if for enf two-dinwmaionsl £1eld oo the surface of the

hag . R
sphers 817 T"= m; = J vimltaneously (civ and rot aro both two-dimmeional hers’
then this £1614 le oquel o zaro. Comsequentl. %he voctor of the second type cammot
7 convarted during rotation into a lineer saibination of vecters af the second and
tiaird typss, eto. .

-3~
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el ) SR e
. cemacdmns AT will oo " g Ve e uns Sl e ?)i’,{?' {igim}
Semandimey AT Bl ; 5
£ 56 wha:éﬁ‘r‘ﬁ Y 1 P S
; ]

St ieal vector Smrpuiorn swe Orlieual go each other in chat 17 ikia) # (kv'l’m :
Lhan the ateavel alomy the #Lrisee of Wy o RETR G SRR RIS TE R TR - 3 S e e

0 2010 » \ L)x
j’ g"(«mﬁ""’“ é’ (AL L =0 ("Jf)

tundly. it ig obvious fint X 37 k7 aince ke vectors e:!"vawimw wypes are orthogonel
3‘1);. wm"pcm--:_ ¥Lrsi, tha{z the pra:? s usually oade throvgh the self-
coeblning of the oparate: (b).

) -
In noxpelieing .g' 1+ i sufficimt o let the epherical funetions %,,,ce
noemelized ia such & vsy that
-

S Vom Yo 2= 800 6’ 9)

- TR - PR . . -
! i # = X = ’
Then. ') é‘(l) éfe_”. L L= e i bnant,

‘ (16)
s oYY : .
[ e AT s Y

vitch can be easily .3lsulated by uning the xxpresatons (11) and {12}.
Yo will nat écionetrate thet the convinatim of .il spherical vscta funciions
EE IR ?’(kln) farn o compl e dyatem, 1.e., tiat any proper vector function given oa the
L R G 7 ephere can be rescived an it.
IT. EPACE FIECTROMMRUTIC T(ELD
will no eramine on sloutromegnetic field without chyrges. We will cq:widwr
B RXTP 2t wf.:o sieid periodically obnig3s with tine ad that sll potwntiall contain tae texm
. ik : & ~¢wf He wi,l introduse the wave nunber_4.=4f; then the eqirtions for the potentisle
‘ e T Aapd g will ,
o S : -:. ced P 0
’ e (V20 d=0, (VR A Dp =0, VA A P 17,
e : us -egolve tha potertial ¢’ sleng tbe spherical funotins of Laplace, and
the v:z:o:.- )otential A along the zherloal vector functions. ‘is8e teriss in the
analynes, +/ick cmtsin fungticns of series 2, 111 have the i s )
Pe Gplrl Ve, . (/8
‘ _ " R
jo By ) Yy + 30 (2 G Yot he (AT VUL v®)
(T+; index 4 will heiceforth be amitted)
r7em¢ expramsions vy akall plese ia oguatiom (17) ard completc the differcatia-
tiom. ‘Vo egnin obtein culy spherioal functions of the £ serles, so \hat docause
o 2alr srthogansl oharioter the equatlions of {17) Qecompose ipto a vories of equatiom:.
for: sach £ aeparataly. 'Tais means that there ave sloctromegnetis fie s of various
a,}rm a5 a very genail £iald is cbiained ty thoir superponitiom.
Completing thu m;a?aﬁim and gathering the terme wiih Gpherical :iactican of
ovory degres, we get for the rolial parte of the potestials ~F the equat.-1e!
v, BF el H) f 425y 288t g0, @)
. ” ‘. (Le+il 2., Lr = o1
¥ B2 ALRIE Ry E T
i 14
Y S 17 . JF 24 = (e,
A +~7:—-"“-%-§:"“ "{'4&1/‘4— 0, .
. . . P ’
‘ CORET TIEHT TAC
*
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e will notlice that whmﬁq?tt 1@ necegsary {since thea thcre ara anly Punctions
of trs fizet Uypo) to coupite gaASE . Bot than the equations {21) and (2%) will
glve ,’:f O 1., 8 wavs of garo order does not exist.

¥ram the equatiom obtained it is o‘avims that the solutions will ds of two T
typoo: (l.) “magnatic” waves for vhich ~?,sﬁ;s end (2) "electric” veves far which EE R LU

a.c- cttain clear cqwoasimn for potsntials in both cames, vo vwill signify by
?g(r)ﬂm sclution of the equatiom:

g9/ _LlEri) . R - -y
¢+ =8 - {4-,&, 7 =0 (25)

/b‘-

Wihon _a.e£) 90 hava
¥, (n) = Vﬁ;}, Te'k (ha) S
vhere T is tho Bogeel Ametion. Then for megnetic waves we get froa (22) : i :j' : L

A=C oy (- )LrV Yed. (s 8)

o ] - Yor electricel waves it is necessary to taite, as can eesily be proven,
It A &7
b 2{ r[[}*ﬁj"’a% ‘ ¢
P=A ~
vhare A, B, C, marhitm'ymtl In computing the eleotrical and magnetic
fields X end H, it sppears that thy constant B does not enter inlo their exprossions.
A 4ifferent celection of B signifies gradient conversion of potantials.
The general formlas (27) will de usaful further on. Here we will make B= O

and vill writs out the poteutisls and fields of spherical electromagnetic waves of
serice £ In eopty apace. Por pegetic vaves we get

Ec}_ﬂ,A:),é,C?. crvYl, . ("‘d)

| e Ha-C[£(L+ g -{—.'Y+(7"+73;)A‘V}’ , (@)

- : : . and for elsstrionl ‘waves,

E:iAAaziAE;E r Y-i-%‘#-ww’l &%)
| | H= ’W'? ¢ Lrvrd. @77

Formilas {29) are odtained (ccrrsst up to the comstunt) froa (28) by chenging
Etolang Rto L.

S

IIT., RADIATION OF A SYSTEN OF CHARGES
¥o w1il now suppose that nesr the point s-=Zthe digtrituilon of charges and
currents poriodically chsngs with tiwo. In theae amalysec the &snaity of the
- -
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sherge O and ef tho o ent o whisk oat o recolved aleg opbaricul fEitiemd aad
the termy of the swrice |7, cen be euprevssd 2 .

, ; . 1% ’ . .

3 NV o \__/r:; \/;L. VPR ) Cu ey }ore [t ( 7R
{ ('l"/’: R G val I i S A PR AR PRI PR R &

{the indec: , will henceforth bs omitted). From tue aguation of comtinuity we geot
- 7
. i L ! ___,g/,[//-—;). - - 2
\ Lwp g -t-,.;é.-,_* S g =0, ‘ {31)

s pe A
The equaticas for the potsnt!alfl will now be o
(V4B A= 3L T (V2 + L) P = ~4 TP, £2)
VA Aozo
Correspaniingly, # get for the radial parts of the potsntials o aystn of
nompiforn equetions, Jalch are distioguiehed frem @ uniform syetem such as 20}~
(2i) 'ty tte presmace in the right-hand sides of the squotions (20) - (23) o2 the
eoryespanding terma .
L. A TN ¥ SV | S
c 5T P e e m TR
Laremiz' conditions (24) remain ss befaro.

Ve will designate Jans SfaJtvo independent lineer solutions of the
eqguation (25) which we 1 selact in the following woy .

G YT WY i G nc); g Co)=f T, ) (33)
{E ani Y gye Baninl's and Pesael's fumotions) .
When k1 we obtain for them the maymplotic: expreesions:

Suf, £ “hr-2gi )

f;LCOJ-AAf~ £+ 7;«),
ant vhee £ F¢/, the exprosesons;

Se =t 240 (o)t - 3»*(’“’1?5‘,%7(/*4")4 39)

It $8 oasy to mso0 that at all valuss of >

LA @9

The wilfora syster of equations, which 18 obtained if the rieh'b-mm part in
81scarded in (32), can alro b sclved ne ehown In assction ¥. Howayor, ve now newd
a gemorel solutien ond Loventz's eguation wi’l not ds etumined., With the a4 o

(#7) ws g, _
5 A E+Bs+A £+ Byl (36)
et 8 e 4 - z g
sl s 5] T8 F gt rE B E
A=Cs+ C g, =05 +Dg  (34)

The sclntion of & nouniform sysven is obtaina('by the methol of veryicg tle
comstanta. Perfarming the computation, we gst:

A . , .

A=LZsg10) [[F g ¢+ E)g] wutr;
B AT Frais, v 2Uhsi)he §, e (37)
C:ﬁ%éf_;:ffd rida, ‘D*‘/‘ﬂ'&'lio/fpr A"

The remeining four coafficSenta ( N, B, §; D°) ere obtained 1f, in these

’,

MARIR SYSR s
VA AR Lk
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exprmst,ot:x,%, is chansad to 8 wnd the integrals are W

Cdihey vetidae zend LT Lag il el Séengled Uy el aad wezeloro Ly Ly :
write ther eut: Tae comstant intepreition in (37) was sp seleotod that the sotentialn
wenld have ths comtinual appearsmes of expanding waves, apd they woold ts delinite
o% 3o begiming of the coordinetes. These requiremsnis dotermine the potenilais
idsnticatly, Lorente's cmdltione are setistied y the equation of cantimiidy.

If the 1limfiting sonditions vere astablished not for ths otantials dut for
£3eldo, then the exprasuims couwld be inareased to {, 9. and ), propartiexally
correapanding to 5 S/, wkoend F/ ¥/ ibp Trom viich the fields would not change.
The faraulia (36) 2nd (37) givd cfact sofutions Por all cuter spaues.

1ot us examine the final cane whea the volume of the apace ccoupiled by the
chargos 1s amall in gcrparison with the vave length. In the muter space the integrals
in fersmlas (37) cen do-txken from ¢f towe , and instead of ¢ the exproseion {34)
osr. %o plased ag en approsch to them. After slgple converslons ip vhich the squation
of continuity is used, we gst, by making

- ALl (39)

s

ToBwi)l’
Aslls) Bz — 2 wlbvei)hluqy [potrrdda,
ml i pre) '
Coa kLY [ aE s Dk AT P e
« &I g
We w1} doaignats thn cwpez\enta,zy; as the elest»ical momsnt of the swiezue
by D&m H : : :

& 242
Diton= 37 [ P’ s, (3%

and the magaetic moment ctrugriesjbyM,Zm:

; W3 #2 _
Mlm"%.'z/f;ie altitn. 37)
‘Then the potentisls in the cutor space vill be:
P edactrioal waves of serioe,

4;650:: A L ZQM [‘: ,‘" ﬁ%ﬁij F.; )2” e 45 Y.ZMJI. (,_,0)
For magrotic waves, Plm =X A +’A>..em S Y,@nt i ("’0? |

Ao =2 o H Mg S LV V] (1)
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